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Abstract
In this paper we discuss the concept of cellular cover for groups, especially nilpotent and finite groups. A cellular cover is a group
homomorphism c:G → M such that composition with c induces an isomorphism of sets between Hom(G,G) and Hom(G,M).
An interesting example is when G is the universal central extension of the perfect group M . This concept originates in algebraic
topology and homological algebra, where it is related to the study of localizations of spaces and other objects. As explained below,
it is closely related to the concept of cellular approximation of any group by a given fixed group. We are particularly interested in
properties of M that are inherited by G, and in some cases by properties of the kernel of the map c.
c© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
1.A. Background, definitions and examples
Let us fix a group A. In this paper we are concerned with “approximating” any group X by groups “built out of”
the given group A; this concept of approximation can be defined in any category, but our concern here is the category
of groups.
The notion of approximation appears in [4,8,18] and in other works and is closely related to the notion of a
generator as in [11], Proposition V.1. By definition, a generator is an object A (in a given category) that detects
equivalences in the sense that if a given map f : X → Y induces, via composition with f , an equivalence
hom(A, f ): hom(A, X)→ hom(A, Y ),
on the collection of all morphisms, then f is itself an equivalence, where the notion of ‘equivalence’ must, of course,
be specified.
∗ Corresponding author.
E-mail addresses: farjoun@math.huji.ac.il (E.D. Farjoun), R.Goebel@uni-essen.de (R. Go¨bel), yoavs@math.bgu.ac.il (Y. Segev).
0022-4049/$ - see front matter c© 2005 Elsevier B.V. All rights reserved.
doi:10.1016/j.jpaa.2005.11.004
62 E.D. Farjoun et al. / Journal of Pure and Applied Algebra 208 (2007) 61–76
This motivates our definitions of an A-equivalence f : X → Y , of an A-cellular object, of A-cellular approximation
(see Definitions 2.1(1), 2.1(2) and 2.5, respectively) and eventually our concept of a cellular cover. In the last decade
the general concept of cellular approximation has been adopted and reshaped in algebraic topology [8,7] and lately
has been seen to clarify important issues in homological algebra, local cohomology etc. We now define the notion of
cellular cover, which is the main concern of this paper.
Definition 1.1. Let M be a group. A cellular cover of M is a pair (G, c) such that c : G → M is a map
(= homomorphism) of groups and such that the induced map Hom(G, c): Hom(G,G) → Hom(G,M), given by
composition with c, is an isomorphism of sets. The group G will be called the cellular covering group and the map c
the cellular covering map. (See Definition 2.5 and Lemma 2.7, which further motivate this concept.)
Here Hom(G, H) denotes the set of group homomorphisms (= maps) from G to H . Of course, one sees immediately
from the definition that an analogous concept can be considered in any category.
Remark 1.2. In anticipation of further developments below, we notice that the concept of cellular covering map is
a non-functorial way of dealing with the concept of cellular approximation, discussed in Section 2.B below. As will
become clear in Sections 2 and 3, where the construction cellAX is defined and discussed, the following are equivalent:
(1) the map G → M is a cellular cover; (2) the map G → M is isomorphic to one of the form cellAM → M for
some A; and (3) the map G → M is isomorphic to the map cellGM → M . The equivalence is not tautological for an
arbitrary category, it rests on some basic categorical assumption stated more explicitly in Sections 2 and 3 below.
Here are some of the examples of cellular covers:
• A simple non-trivial cellular cover is the inclusion of p-torsion groups for a prime p, c:Z/pZ ⊂ Z/pkZ for k ≥ 2.
• The inclusion of the largest perfect subgroup c: PM ⊆ M of any group M is an example of a cellular cover.
• The inclusion c:Mp ⊆ M of the subgroup Mp of M generated by all elements of prime power order pk for all k
and a fixed prime p.
• Here is an example of cellular covers that, in general, have a non-trivial kernel. Let P be any perfect group and let
0→ H2(G,Z)→ E c→ P → {1} be the so-called universal central extension E of P . Then (E, c) is a (surjective)
cellular cover of P . For a proof, see Lemma 3.10.
1.B. Results
Our main concern in this paper is, for a given group M , the preservation of some properties of M by an arbitrary
cellular covering group G → M , namely, we ask for properties of M that are inherited by G. We are also interested in
restricting the structure of the kernel of a cellular covering map c:G → M , but a word of caution is in place. We know
that ker c is abelian by Lemma 3.5(1). However, in general we cannot say more than that. This is because any abelian
group is the Schur multiplier (i.e. the kernel) of some universal central extension of a perfect group (see [3, 3.1.13] for
a discussion of generalized McClain groups); and by Lemma 3.10 the universal central extension of a perfect group
is a cellular covering group in the sense of Definition 1.1. We also seek some understanding of all possible cellular
maps G → M . The results here are by no means complete, and many questions are left open.
The following two theorems summarize our main results. We start with results concerning cellular covers of finite
groups (see Theorem 5.4).
Theorem 1.3. Let (G, c) be a cellular cover of the finite group M. Then
(1) G is finite, with no new primes dividing the order of G;
(2) if M is perfect and c is surjective, then G is perfect.
Concerning cellular covers of nilpotent groups we have:
Theorem 1.4. Let (G, c) be a cellular cover of the nilpotent group M. Then
(1) G is nilpotent of exactly the same class as the image Gc;
(2) if M is finitely generated, then c is injective;
(3) if G is a torsion group, then c is injective;
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(4) ker c is a reduced group (i.e. it does not contain a divisible subgroup);
(5) if ker c contains p-torsion for some prime p, then G is p-divisible and G/[G,G] is p-torsion free, in particular,
(6) if M is abelian (and hence G is abelian), then ker c is torsion free.
Theorem 1.4 comes from Theorems 4.2 and 4.7, Propositions 4.6 and 4.4, and Corollary 4.5. The above theorems are
based in part on the following basic observation (see Lemma 3.5).
Lemma 1.5. Let (G, c) be a cellular cover of M. Then
(1) The inverse image under c of the center of Gc is the center of G, in particular, ker c ≤ Z(G);
(2) Gc is a fully invariant subgroup of M.
Remark 1.6. It follows from Remark 1.2 above that, given a group M that satisfies any of the conditions of
Theorems 1.3 and 1.4 and given any group A, the group cellAM , discussed in Section 2.C below, will satisfy the
conclusions we got for G in these Theorems. In other words the above results restrict the possible values of an
arbitrary cellularization of M .
Note that there are examples of cellular covers with non-trivial kernel, for example the universal central extension
of a perfect group, and see also Example 4.8 for such a cellular cover of abelian groups. However, we do not have an
example of a cellular cover of nilpotent groups with non-trivial torsion in the kernel; see Question (3) in Section 1.C
below.
We remark that analogous concepts and statements make sense also for localization functors. These are idempotent
functors L with an augmentation map towards the group L(M), that is M → L(M). For these functors, one can ask
similar questions regarding the preservation of properties of M by L(M). The localization functor is in some sense the
dual of the cellularization that we discuss in Section 2. Both concepts are considered in [8]. We notice, however, that
statements similar to the above are either open questions or patently false for the localizations L(M) of M . See, for
example, the results of Libman [14,15], of Go¨bel and Shelah [12] and of Aschbacher [2], who considered localizations
of finite p-groups; see also [16]. The main open question for localization is whether or not an arbitrary localization
L(P) of a finite p-group P is always a quotient of P .
1.C. Questions
We list here a number of questions that arise when investigating cellular covers.
(1) Is the collection of all isomorphism types of groups T that are A-equivalent to X for a fixed A and X a class or a
set (see Definition 2.1(1) for the notion of A-equivalence)? We remark that if it is a set, then one could probably
define the A-cellular approximation cellAX (see Section 2) as an inverse limit of all A-equivalences, since it is the
initial object among all such objects.
(2) Is it true for a surjective cellular cover (G, c) of a perfect group M that G is perfect?
(3) Is the kernel of a cellular map c:G → M , where M is nilpotent, a torsion-free group?
Analogous questions for “cellular covers” of topological spaces and chain complexes are interesting, and the
answers are largely unknown. Compare a modest contribution in [6].
2. A-cellular approximation
In this section we define some of the basic concepts underlying and motivating this paper, and illustrate them with
some examples.
2.A. A-equivalence and A-cellular groups
To set a terminology, we start with the following definitions [11,4].
Definitions 2.1. (1) Let A be an object in some category (groups, R-modules, spaces, etc.). We say that a map
f : X → Y is an A-equivalence if the induced map on hom-sets hom(A, f ): hom(A, X) → hom(A, Y ), given
by composition with f , is an isomorphism of sets (or an equivalence in the category in which these hom-sets are
assumed to reside). In other words, any morphism ϕ ∈ hom(A, Y ) factors uniquely through f . We denote by
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ϕˇ ∈ hom(A, X) the unique morphism such that ϕˇ ◦ f = ϕ (composition takes place from left to right), and call it
the lift of ϕ.
(2) We say that an object T is A-cellular if any A-equivalence f : X → Y is also a T -equivalence.
Let us specialize to groups. As above, given groups X and Y , we denote by Hom(X, Y ) the set of group maps
(= homomorphisms) from X to Y and End(X) = Hom(X, X). Consider now the notion of an A-cellular object in the
category of groups [18]. Here are some examples.
• The trivial group is A-cellular, for any group A.
• Any group A is of course an A-cellular group, as well as any free product ?A of copies of A.
• The amalgamated product G ?Γ H for arbitrary maps out of Γ , for any three A-cellular groups G, H and Γ , is an
A-cellular group.
• Here is a less obvious example.
Lemma 2.2. Let G be a group. Then G/Γs(G) is a G-cellular group, where Γs(G) is the s-term of the lower central
series of G.
Proof. Set A := G/Γs(G) and let f : X → Y be a G-equivalence. We must show that f is also an A-equivalence. It
is clear that it suffices to show that, if ϕ ∈ Hom(G, Y ) is such that Gϕ is nilpotent of class t and if ϕˇ ∈ Hom(G, X)
is the unique map such that ϕˇ ◦ f = ϕ, then Gϕˇ is nilpotent of class t as well.
Let ϕ and ϕˇ be as above. We claim that
f −1(CY (Gϕ)) ≤ CX (Gϕˇ) (i)
(i.e. the inverse image under f of the centralizer in Y of the image of G under ϕ centralizes the image of G under ϕˇ).
This is because for any element x ∈ f −1(CY (Gϕ)), the map ψˇ := ϕˇ ◦ ix satisfies ψˇ ◦ f = ϕ (where ix is the inner
automorphism of X induced by x and composition is from left to right), so we must have ϕˇ ◦ ix = ϕˇ. It follows that
f −1(Z(Gϕ)) ∩ Gϕˇ = Z(Gϕˇ),
and so Gϕˇ is nilpotent of class t . 
• The restricted direct product of any number of A-cellular groups is A-cellular, where the restricted direct product
is the subgroup of the direct product consisting of those elements with finite support. Here is a proof of this fact.
Lemma 2.3. (1) Let G and H be A-cellular groups, then G×H is A-cellular. It follows that any finite direct product
of A-cellular groups is A-cellular;
(2) the restricted direct product of any number of A-cellular groups is A-cellular;
(3) if V is a vector space over a field F (of arbitrary dimension), then the underlying additive group of V is A-
cellular, where A is the underlying additive group of F.
Proof. (1): Let f : X → Y be an A-equivalence. We must show that for any ϕ:G × H → Y there exists a unique
ϕˇ:G × H → X such that ϕˇ ◦ f = ϕ. Consider the following diagram:
G
ιG−−−−→ G × H ιH←−−−− H
ϕˇG
y yϕ yϕˇH
X −−−−→
f
Y ←−−−−
f
X
where ιG : g→ (g, 1) and ιH : h → (1, h), and where ϕˇG and ϕˇH are the unique lifts of ιG ◦ ϕ and ιH ◦ ϕ respectively,
and whose existence is guaranteed since G, H are A-cellular.
Since GιG commutes with H ιH in G × H , we have that GιGϕ commutes with H ιHϕ in Y . We claim that this
implies that GϕˇG and H ϕˇH commute in X . Indeed we had already observed in the proof of Lemma 2.2 (see the
displayed relation (i) above) that f −1(CY (GιGϕ)) ≤ CX (GϕˇG). It follows that the map ϕˇ:G × H → X given by
ϕˇ: (g, h) → ϕˇG(g)ϕˇH (h) is a homomorphism. It is clear that ϕˇ ◦ f = ϕ, and the uniqueness of the lift ϕˇ follows
easily from the uniqueness of the lifts ϕˇG and ϕˇH .
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(2): Since the restricted direct product is a direct limit of finite products, and since the direct limit of A-cellular
groups is A-cellular (see [8]), (2) follows from (1).
(3): This follows from (2), because the additive group of V is a restricted direct product of copies of the additive
group of F . 
Remark 2.4. We note that an infinite direct product of A with itself may not be A-cellular. For example, let A be
a perfect group such that the number of commutators required to write an element as a product of commutators is
unbounded (see e.g. [17] or [5] for the existence of such an A). Then the infinite direct power of A is not perfect.
However, any A-cellular group is perfect. Indeed, let A be a perfect group and let G be an A-cellular group. By
Lemma 2.2 the abelianization Ab(G) is G-cellular, and hence also A-cellular. Since A is perfect, the inclusion of the
trivial subgroup {e} → Ab(G) is an A-equivalence (because the only homomorphism A→ Ab(G) is the trivial one).
Hence {e} → Ab(G) is also an Ab(G)-equivalence, which is possible only if Ab(G) is trivial.
2.B. A-cellular approximation
We now turn to the definition of an A-cellular approximation. For any group X , this is a group which is A-cellular
and which “best” approximates X .
Definition 2.5. Fix a group A and let X be any group. We say that (Y, c) is an A-cellular approximation of X if Y is
an A-cellular group and c: Y → X is an A-equivalence.
We will shortly see that an A-cellular approximation exists for any group X . The following lemma gives two
(universal) properties which are equivalent to being an A-cellular approximation of X and which imply the uniqueness
of the A-cellular approximation. An A-cellular approximation of X is denoted below by cellAX .
Lemma 2.6. Fix a group A and let X be any group. Let c: Y → X be a map of groups. Then the following are
equivalent.
(CA) (Y, c) is an A-cellular approximation of X.
(CA-Initial) c is an A-equivalence that is initial among all A-equivalences (i.e. c factors uniquely through any
A-equivalence T → X).
X
T
∀ A-equivalence f
??
Y
c
OO
∃! cˇoo
(CA-Terminal) Y is A-cellular and c is terminal among all maps of an A-cellular group to X; namely any map
T → X of an A-cellular group T to X factors uniquely through c.
X
T ∃! fˇ
//
∀ f
??
Y
c
OO
Proof. Assume that (Y, c) satisfies (CA). Let f : T → X be an A-equivalence. Since Y is A-cellular, f is also a
Y -equivalence. Thus c factors uniquely through f , and so (Y, c) satisfies (CA-Initial). Let T be an A-cellular group
and let f : T → X be a map. Since c is an A-equivalence, it is also a T -equivalence, so f factors uniquely through c.
Hence (Y, c) satisfies (CA-Terminal).
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Notice now that, up to isomorphism, there is at most one pair (Y, c) that satisfies (CA-Initial) and at most one pair
(Y, c) that satisfies (CA-Terminal). Since, as we will see below, there exists a pair (Y, c) that satisfies (CA), the first
paragraph of the proof shows the equivalence of all three properties and completes the proof. 
Here is an example of an A-cellular approximation.
• Let F be the field of rational numbers or the Galois field GF(p), where p is a prime. Let A be the underlying
additive group of F . Pick an abelian group X . We claim that cellAX = Hom(A, X), the group of all
homomorphisms from A to X , and that the augmentation map cX : cellAX → X is the “evaluation at one” map
ev: Hom(A, X) → X defined by ev(τ) = τ(1). Note that Hom(A, X) can be made a vector space over F by
letting ατ(β) = τ(αβ), for all τ ∈ Hom(A, X) and α, β ∈ F . Hence, by Lemma 2.3(3), Hom(A, X) is A-cellular.
Also, the following diagram explains why the “evaluation at one” map is an A-equivalence.
X
A
τˇ : α→{1→ατ }
//
∀ τ
;;xxxxxxxxxxxxxxxxxxx
Hom(A, X)
ev
OO
where 1 − ατ is the unique homomorphism taking 1 to ατ . Thus, by Definition 2.5, this is an example of an
A-cellular approximation. See also the discussion in Example 4.8.
2.C. Constructing an A-cellular approximation
We now turn to the construction of an A-cellular approximation of a group X . A similar construction is often
denoted in topological contexts CWAX since it is inspired by the classical CW-approximation given by Whitehead,
see [18,9,7]. Our description relies on [18], and we give only a rough sketch.
Let us fix a group A. There is a functor cellA from groups to groups and an augmentation map cX : cellAX → X .
This map is natural in the sense that any map of groups f : X → Y induces a commutative square of groups.
cellAX
cX //
cell( f )

X
f

cellAY cY
// Y
In the category of groups, quotients exist and direct sums take the form of free products. Further, we have a good
notion of direct limits in the sense of general category theory. This enables us to give an alternative, more constructive
definition of cellular objects, equivalent to Definition 2.1(2). It turns out that the class of A-cellular groups is equal to
the class of groups built inductively as follows. One starts with (groups isomorphic to) A and constructs all possible
direct limits indexed by an arbitrary small category using all possible maps between previously built A-cellular groups.
It turns out that it suffices to consider, in each inductive step, only two special direct limit operations: First, take all
free products ?s∈S Hs of previously obtained groups Hs and, second, take amalgamated products along any pair of
maps X ∗G Y , again from previously obtained groups X, Y,G.
To construct cellAX and cX , one starts with the group C0 which is the free product of copies of A, one for each
map of A to our group X. The group C0 comes with a natural evaluation map to X :
(a f ) f :A→X 7→
∏
f (a f )
(note that in (a f ) f :A→X there are only finitely many maps f : A→ X with a f 6= 1). The group cellA X is a direct limit
of a possibly transfinite chain of maps as follow:
?
A→X A := C0→ C1→ C2→ · · · → Cα · · · → X
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where in the inductive step the map Cα → Cα+1 is an amalgamated product Cα ?Bα Aα such that Aα and Bα are
free products of copies of A. In limit ordinals, one takes the direct limit. Since in each successive ordinal we take a
quotient, the evaluation map described above can be uniquely extended to Cα for all α, so that we eventually get the
desired natural augmentation map cX : cellAX → X .
We conclude this section with a lemma that establishes the connection between the notion of an A-cellular
approximation and that of a cellular cover.
Lemma 2.7. (1) For a group X, the cellular approximation cX : cellAX → X is a cellular cover; conversely,
(2) if (G, c) is a cellular cover of the group M, then c:G → M is isomorphic to cM : cellGM → M.
Proof. (1): By definition, cellAX is an A-cellular group, so every A-equivalence between groups is also a cellAX
equivalence. By definition, cX is an A-equivalence, so cX is also a cellAX -equivalence. This means that cX is a
cellular cover.
(2): By definition, c is a G-equivalence. Since G is G-cellular, c:G → M is a G-cellular approximation, by
definition. The uniqueness of such an approximation implies (2). 
3. Cellular covers
The purpose of this section is to set some basic terminology and to give elementary properties of cellular covers.
We start by recalling from the introduction the definition of a cellular cover.
Definition 3.1. Let M be a group. A cellular cover of M consists of a pair (G, c), such that G is a group and
c:G → M
is a homomorphism satisfying the following property:
(*) For each homomorphism ϕ:G → M , there exists a unique homomorphism ϕˇ:G → G such that
ϕˇc = ϕ.
(Here maps are applied from left to right.)
In other words, (G, c) is a cellular cover of M if each homomorphism ϕ:G → M factors uniquely through c.
Definitions 3.2. Let G and M be groups.
(1) Hom(G,M) is the set of homomorphisms from G to M and End(G) = Hom(G,G).
(2) 0 ∈ Hom(G,M) is the zero map; it takes all the elements of G to the identity element of M .
(3) If (G, c) is a cellular cover of a group M , then we will say that (G, c) is surjective if c is surjective.
(4) Let d, ϕ ∈ Hom(G,M). We will say that ϕˇ ∈ End(G) lifts ϕ (via d) if ϕ = ϕˇd.
Definition and notation 3.3 (Definitions and Notation for Groups). Let H be a group and p a prime.
(1) When H is a direct product of its subgroups U and V , we write H = U × V (H = U ⊕ V if H is abelian).
We will say that a subgroup U ≤ H is a direct factor (direct summand in the case when H is abelian) of H if
H = U × V for some subgroup V ≤ H .
(2) Ab(H) := H/[H, H ] is the abelianization of H .
(3) We call H a p-group if the order of each element of H is a power of p.
(4) We say that H is p-divisible, if the equation x p = a has a solution for all a ∈ H . H is divisible if it is q-divisible
for all primes q .
(5) H is p-torsion free, if H has no elements of order p.
(6) For an integer n ≥ 1, let Ωp,n(H) := 〈a ∈ H | a pn = 1〉.
Definition and notation 3.4 (Definitions and Notation for Abelian Groups). Let H be an abelian group and p be a
prime.
(1) For a positive integer n, C(n) denotes the cyclic group of order n.
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(2) C(p∞) denotes the quasicyclic group. This is the group of pk-th complex roots of unity, where k runs over all
positive integers. Written additively, it is generated by elements c1, c2, c3, . . . such that c1 6= 0, pc1 = 0 and
pci+1 = ci , for all i ≥ 1. C(p∞) is a divisible group.
(3) Call a subgroup A ≤ H an absolute direct summand if, for every subgroup B ≤ H that is maximal subject to
A ∩ B = 0, one has H = A ⊕ B.
(4) A subgroup A ≤ H is called pure if the equation nx = a ∈ A has a solution in H iff it has a solution in A. In
other words iff nA = A ∩ nH , for all positive integers n.
(5) H is reduced if H contains no divisible subgroups. This is equivalent to saying that H contains no subgroup
isomorphic to Q or C(p∞) (see [10, Thm. 23.1, pg. 104]).
Lemma 3.5. Let (G, c) be a cellular cover of M. Then
(1) c−1(Z(Gc)) = Z(G), in particular, ker c ≤ Z(G);
(2) for every µ ∈ End(M), Gcµ ≤ Gc, i.e. Gc is a fully invariant subgroup of M;
(3) Hom(G, ker c) = {0}.
Proof. In Definition 3.1(*) take ϕ = c, and let x ∈ c−1(Z(Gc)). Then both the identity map of G, idG and the inner
automorphism ix :G → G (with gix = x−1gx) satisfy idG ◦ c = ϕ = ix ◦ c. Thus idG = ix , so x ∈ Z(G).
Next, let µ ∈ End(M) and assume that Gcµ 6⊆ Gc. Then ϕ = c ◦ µ has no lift in End(G), a contradiction, so (2)
holds. Finally, every ϕˇ ∈ Hom(G, ker c) lifts the zero map 0 ∈ Hom(G,M), so it must be the zero homomorphism.
This shows (3). 
Lemma 3.6. Let d:G → M be a group homomorphism with ker d ≤ Z(G). Then the following are equivalent.
(1) There exist ϕ ∈ Hom(G,M) and homomorphisms ϕˇi ∈ End(G), i = 1, 2, such that ϕˇ1 6= ϕˇ2, but ϕˇ1 ◦ d =
ϕˇ2 ◦ d = ϕ.
(2) Hom(G, ker d) 6= {0}.
In particular, if Hom(G, ker d) = 0, then (G, d) is a cellular cover of M iff any ϕ ∈ Hom(G,M) factors
through c.
Proof. Assume (1) holds. Let η:G → ker d be the map η: g→ ϕˇ1(g)ϕˇ2(g−1). It is easy to check that η is a nontrivial
homomorphism.
Conversely, let 0 6= η ∈ Hom(G, ker d). Let ϕ be the zero map from G to M . Then both 0 ∈ End(G) and η lift ϕ
and they are distinct. 
Lemma 3.7. Let (G, c) be a cellular cover of M. Assume U ≤ G is a direct factor of G containing ker c. Then
(U, c  U ) is a (surjective) cellular cover of Uc (here c  U is the restriction of c to U).
Proof. Write G = U × V and let τ ∈ Hom(U,Uc). Extend τ to ϕ ∈ Hom(G,Uc) by letting vϕ = 1, for all v ∈ V .
Let ϕˇ ∈ End(G) be the lift of ϕ. Then U ϕˇ ≤ U ker c = U . Thus ϕˇ  U ∈ End(U ) and ϕˇ  U lifts τ . Now, if
Hom(U, ker c) 6= 0, then we would get Hom(G, ker c) 6= 0, contradicting Lemma 3.5(3). Thus Hom(U, ker c) = 0
and it follows by Lemma 3.6 that the lift of τ is unique. 
Lemma 3.8. Let (G, c) be a cellular cover of M. Then, for any ϕ ∈ Hom(G,M) such that Gϕ is a finite cyclic group,
the lift ϕˇ ∈ End(G) satisfies ker ϕˇ = kerϕ and Gϕˇ ∼= Gϕ.
Proof. We have that (Gϕˇ) ker c/ ker c ∼= Gϕ is cyclic. Since ker c ≤ Z(G), it follows that Gϕˇ is abelian. Let n be the
order of Gϕ. Notice that, by Lemma 3.5(3),
ker c has no p-torsion, for all primes p dividing n, (i)
since p-torsion in ker c would entail the existence of a nontrivial homomorphism in Hom(Gϕ, ker c), and then also
Hom(G, ker c) 6= 0. Now the map ϕˇ ◦ (·n) ∈ Hom(G, ker c) (where ·n is multiplication by n), so it must be the zero
map, by Lemma 3.5(3). Thus ker c ∩ Gϕˇ is a torsion subgroup of ker c of exponent dividing n. So, by (i), it must be
trivial. Hence c induces an isomorphism c:Gϕˇ → Gϕ. Also, since ker c ∩ Gϕˇ = 1 and since (kerϕ)ϕˇ ≤ ker c, we
have (kerϕ)ϕˇ = 1 and kerϕ ≤ ker ϕˇ. Clearly ker ϕˇ ≤ kerϕ, and the equality kerϕ = ker ϕˇ follows. 
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Remarks 3.9. (1) If M,G are groups and c:G → M is an isomorphism, then (G, c) is a surjective cellular cover of
M . Indeed, for any ϕ:G → M , the map ϕˇ:G → G given by ϕˇ = ϕc−1 lifts ϕ and it is unique by Lemma 3.6.
(2) Note that if (G, c) is a cellular cover of M , then (G, c) is also a cellular cover of Gc. The inclusion Gc→ M
is a cellular cover as well (see Lemma 3.5(2)).
(3) If (G, c) is a cellular cover of M , and Mˆ is a group containing M such that, for each ϕ ∈ Hom(G, Mˆ), Gϕ ≤ M ,
then (G, c) is also a cellular cover of Mˆ . We give a few examples for such a phenomena. One straightforward example
is the following. Let (G, c) be a cellular cover of M and let N be a group such that Hom(G, N ) = {0}. Then (G, c)
is a cellular cover of M × N , where c:G → M × N is defined by x 7→ (xc, 1). Another example is when p is a
prime, G is a p-group (i.e. the order of any element of G is a power of p), Mˆ is a nilpotent group, M = Mˆp (see
Notation 4.1(1)), and (G, c) is a cellular cover of M (e.g. G = M and c is the identity map).
Here is another example. Let Mˆ,W be groups. Let G = 〈Wψ | ψ ∈ Hom(W, Mˆ)〉 and ι:G → Mˆ be the inclusion
map. Note that (G, ι) is a cellular cover of Mˆ . Indeed, we must show that, for any ϕ ∈ Hom(G, Mˆ), Gϕ ≤ G (we take
M = G and c = ι in the previous paragraph). Let ϕ ∈ Hom(G, Mˆ); then, for any ψ ∈ Hom(W, Mˆ), (Wψ)ϕ ≤ G, so
Gϕ ≤ G. A particular example is when Mˆ is any group, n ≥ 1 is a positive integer and p is a prime. Then, taking W
to be a cyclic group of order pn , the construction that we just performed gives G = Ωp,n(Mˆ) (see Notation 3.3(6)).
(4) Let G,M be groups. Suppose M = M1 × M2 and that (Gi , ci ) is a cellular cover of Mi , for i = 1, 2, and
let G = G1 × G2. Assume that, for any homomorphism ϕ:G → M , one has G1ϕ ≤ M1 and G2ϕ ≤ M2. Then
(G, c1 × c2) is a cellular cover of M .
We close this section with a proof of a claim that was made in the introduction.
Lemma 3.10. Let P be any perfect group and let
0→ H2(G,Z)→ E c→ P → {1}
be the so-called universal central extension E of P. Then (E, c) is a (surjective) cellular cover of P.
Proof. Let K := ker c and let ϕ: E → P be any map. Consider the pullback diagram
0 −−−−→ K −−−−→ E c−−−−→ P −−−−→ 0
idK
x pi1x xϕ
0 −−−−→ K −−−−−→
x→(x,0)
E˜ −−−−→
pi2
E −−−−→ 0.
So E˜ = {(x, y) | x, y ∈ E and c(x) = ϕ(y)} and pii are the projection maps. Since E is the universal central
extension and the bottom row of the diagram is a central extension, the restriction of pi2 to [E˜, E˜] is an isomorphism
(which we denote by µ) and E˜ = kerpi2× [E˜, E˜] (see e.g. [1, (33.7) and (33.3)]). Let ϕˇ = µ−1 ◦pi1 (where maps are
composed from left to right). Then ϕˇ ◦ c = ϕ. The fact that ϕˇ is unique follows from Lemma 3.5(3) because, since E
is perfect and ker c is abelian, Hom(E, ker c) = 0. 
4. Cellular covers of nilpotent groups
Throughout this section (G, c) is a cellular cover of the nilpotent group M . It follows from Lemma 3.5(1) that
G is nilpotent of class exactly that of the image Gc. After some definitions, we derive basic information when G is
finitely generated. We then move on to general results about covers of arbitrary nilpotent groups. For example, we
show for such groups that ker c is reduced, and we get information about the torsion part of ker c (see Proposition 4.4
for precise statements). The facts that we require about nilpotent groups are collected in Appendix A ahead. Let us
start with some notation.
Notation and definitions 4.1. Let H be a nilpotent group and p a prime.
(1) Let pi be a set of primes. We denote by Hpi the set of all elements h ∈ H such that the order of h is a finite number
n whose prime divisors are contained in pi . Hpi is sometimes called the pi -torsion part of H . If pi is the set of all
primes, Hpi is denoted tor(H) (and is called the torsion part of H ), and if pi = {p} then we write Hpi = Hp. As
is well known (cf. [13, Definition, pg. 51]), Hpi is a subgroup of H .
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(2) Let a ∈ H and let k be the greatest non-negative integer such that x pk = a has a solution in H . This k is called the
p-height of a and denoted hH,p(a). If no such k exists, we say that a has infinite p-height and write hH,p(a) = ∞.
(This is in contrast to [10], where heights are refined and may be infinite ordinals.) When there is no danger of
confusion, we write h p(a) for hH,p(a).
(3) Γ1(H) = H and Γi+1(H) = [Γi (H), H ].
(4) Z1(G) = Z(G) is the center of G, and Zi+1(G) is the inverse image in G of Z(G/Zi (G)).
Theorem 4.2. Assume that (G, c) is a cellular cover of the nilpotent group M. Then
(1) G is nilpotent, and the nilpotency class of G is equal to that of the image Gc;
(2) if M is finitely generated, then c is injective.
Proof. We may assume that c is surjective (note that if M is finitely generated, then so is Gc, because M is nilpotent).
(1) follows from Lemma 3.5(1) because, since c−1(Z(M)) = Z(G), it follows that the map gZ(G)→ c(g)Z(M) is
an isomorphism from G/Z(G) to M/Z(M) and (1) follows.
(2): Assume that M is finitely generated. We show that, if ker c 6= 1, then
Hom(G, ker c) 6= 0,
contradicting Lemma 3.5(3). Set
A := Ab(M).
We distinguish two cases as follows.
Case 1. A is a torsion group.
In this case, by [19, Cor. 3.13, pg. 11], M is a torsion group and, since M is finitely generated, [19, 3.10, pg. 11]
implies that M is finite. Then, by Theorem 5.4(1) ahead, G is finite. If ker c 6= 1, let p be a prime dividing | ker c|.
Then, since G is a direct product of its Sylow subgroups, G contains a subgroup of index p. Also, ker c contains a
subgroup of order p. Hence Hom(G, ker c) 6= {0}, contradicting Lemma 3.5(3).
Case 2. A is not a torsion group.
In this case, A/tor(A) is a non-trivial torsion-free abelian group and, since M is finitely generated, A/tor(A) is
also finitely generated. In particular, Z is a homomorphic image of A/tor(A), and hence Z is a homomorphic image
of M . Since c is surjective, Z is a homomorphic image of G. It follows that any cyclic group is a homomorphic image
of G. Thus, if ker c 6= 1, then Hom(G, ker c) 6= {0}, again contradicting Lemma 3.5(3). 
We now turn to cellular covers (G, c) of a nilpotent group M , where M is not necessarily finitely generated. We
start with a technical lemma that will be needed in the proof of Proposition 4.4.
Lemma 4.3. Let G be a group and p a prime. Assume G contains a descending chain of normal subgroups
G = N0 % N1 % N2 % · · · Ni C G, ∀i
such that G/Ni ∼= C(p∞), for all i = 1, 2, 3 . . .. Set N :=⋂∞i=1 Ni . Then
(1) G/N is abelian;
(2) G/N is torsion free.
Proof. Let a, b ∈ G. Since G/Ni is abelian, for all i , [a, b] ∈ Ni , for all i , so [a, b] ∈ N and G/N is abelian.
For the proof of (2) we may assume that N = 1. We first show that G is p-torsion free. Recall that C(p∞) contains
a unique subgroup of order p, and that subgroup is contained in any non-trivial subgroup of C(p∞). Assume a ∈ G
has order p. Considering the image of a in G/Ni+1 ∼= C(p∞), we see that it is contained in the non-trivial subgroup
Ni/Ni+1, and it follows that a ∈ Ni . As this holds for all i , a = 1, a contradiction. Thus G is p-torsion free. Let
a ∈ G be an element of prime order q , q 6= p. Since G/Ni is a p-group, for all i , a ∈ Ni , for all i , so a = 1, a
contradiction. Thus G is q-torsion free and (2) holds. 
Proposition 4.4. Let (G, c) be a cellular cover of the nilpotent group M. Set H := Gc and let p be a prime, then
(1) G is nilpotent, and if H is abelian, then G is also abelian.
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(2) Assume (ker c)p 6= 1, then
(a) G and H are p-divisible, and G contains a normal subgroup K , with G/K ∼= C(p∞);
(b) G p ≤ Z(G) and Hp ≤ Z(H), both G p and Hp are divisible groups and Hp 6= 1;
(c) G contains a subgroup A ≤ G such that A ∼= C(p∞), A ∩ ker c is a non-trivial cyclic subgroup of ker c
which is pure in ker c. There exists ϕ ∈ Hom(G, H) with Gϕ = Ac, and for every such ϕ there exists a strictly
descending infinite chain of subgroups
G % N1 % N2 % N3 % · · ·
such that N1 = kerϕ and G/Ni ∼= C(p∞), for all i = 1, 2, 3 . . .;
(d) Ab(G) is p-torsion free.
Proof. (1) is an immediate consequence of Lemma 3.5(1).
(2): Assume that (ker c)p 6= 1.
(2a): Since (ker c)p 6= 1, ker c contains a subgroup of order p, and if Ab(G) has a subgroup of index p, then
Hom(G, ker c) 6= {0}, contradicting Lemma 3.5(3). Thus Ab(G) is p-divisible, and hence, by Proposition A.3(2), G
is p-divisible. It follows that H is also p-divisible. Thus the first part of (2a) holds. Then, by Proposition A.2(4), the
second part of (2a) holds.
(2b): By (2a) and Proposition A.3(4), the first part of (2b) holds. It only remains to show that Hp 6= 1. Note that,
by (2a), (ker c)p is a reduced group, otherwise Hom(G, ker c) 6= 0. It follows that (ker c)p contains elements that are
not divisible by p. Let
a ∈ (ker c)p be an element indivisible by p in (ker c)p;
let A be a subgroup of G containing a and isomorphic to C(p∞).
A exists since G p is divisible. Notice that A ker c is abelian. Now A ∩ ker c = 〈a〉 and, since ker c splits over
A ∩ ker c (because 〈a〉 is pure in ker c and by Theorem A.1(3)), we have
A ker c is abelian and A ker c = A × B, for some B ≤ ker c.
Next, since A ∩ ker c is finite, Ac ∼= C(p∞) and, since H ≥ Ac, Hp 6= 1, this completes the proof of (2b).
(2c): Let A and B be as in the proof of (2b). By (2a), there exists ϕ ∈ Hom(G, H), with Gϕ = Ac. Consider
the lift ϕˇ of ϕ. We have Gϕˇ ≤ A ker c, and then ϕˇ followed by the projection on B is in Hom(G, ker c). Since
Hom(G, ker c) = 0, Gϕˇ ≤ A, and since Gϕˇ is infinite, Gϕˇ = A. We have (kerϕ)ϕˇ = A ∩ ker c (in particular
ker ϕˇ 6= kerϕ). Also, ker ϕˇ ≤ kerϕ and G/ ker ϕˇ ∼= A. Thus we have shown that
for all ϕ ∈ Hom(G, H) with Gϕ = Ac, we have ker ϕˇ $ kerϕ and Gϕˇ = A. (i)
Now set ϕ1 := ϕ and let ϕi+1 ∈ Hom(G, H), where kerϕi+1 = ker ϕˇi and Gϕi+1 = Ac. Setting Ni = ker ϕˇi , we
see from (i) that
G % N1 % N2 % · · · , and, for all i, Ni C G and G/Ni ∼= C(p∞).
This shows (2c).
(2d): Assume that Ab(G) is not p-torsion free. By (2a), Ab(G) is p-divisible, so Ab(G) contains a subgroup
U ≤ Ab(G) with U ∼= C(p∞). Let ψ :U → Ac be an isomorphism and, using Theorem A.1(2), extend ψ to a
homomorphism (also called ψ) in Hom(Ab(G), Ac). Composing ψ with the canonical homomorphism G → Ab(G),
we get ϕ ∈ Hom(G, Ac). By (2c), we get a chain of subgroups as in (2c), with N1 = kerϕ. Let N := ∩∞i=1 Ni . By
Lemma 4.3(1), G/N is an abelian group so we have a surjective map Ab(G)→ G/N . But, by Lemma 4.3(2), G/N
is torsion free while, since the image ofU under the map Ab(G)→ G/N1 induced by the canonical map G → G/N1
is non-trivial (and it is of course a p-group), the image of U under the map Ab(G) → G/N is non-trivial, a
contradiction. 
Corollary 4.5. Let (G, c) be a cellular cover of the nilpotent group M, then
(1) if ker c 6= 1, then G and Ab(G) are not torsion groups;
(2) ker c is a reduced group (i.e. it does not contain a divisible subgroup).
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Proof. (1): Assume that ker c 6= 1, but that Ab(G) is torsion. Then, by [19, Cor. 3.13, pg. 11], G is torsion. In
particular, for some prime p, (ker c)p 6= 1. By Proposition 4.4(2c), there exists a strictly descending chain of
subgroups as in Proposition 4.4(2c). Let N := ⋂∞i=1 Ni . By Lemma 4.3, the group G/N is abelian and torsion
free. But G/N is a homomorphic image of the torsion group Ab(G), a contradiction.
(2): Suppose ker c is not reduced. Then (see Definition 3.4(5)), there exists D ≤ ker c such that D ∼= C(p∞) or
D ∼= Q. By (1), there exists a subgroup U ≤ Ab(G) with U ∼= Z, and so Hom(U, D) 6= 0. Using Theorem A.1(2),
we get that Hom(Ab(G), D) 6= 0, which implies that Hom(G, ker c) 6= 0, contradicting Lemma 3.5(3). 
Note that, in particular, we have shown
Proposition 4.6. Let (G, c) be a cellular cover of the nilpotent group M. If G is torsion, then c is injective.
Proof. This is Corollary 4.5(1). 
We close this section with a result on abelian groups and with an example of a cellular cover of a countable abelian
group with an uncountable kernel. In a following paper, we hope to be able to obtain stronger results on cellular covers
of abelian groups.
Theorem 4.7. Let (G, c) be a cellular cover of the abelian group M. Then ker c is a reduced torsion-free group.
Proof. Note that, by Proposition 4.4(1), G is abelian as well. Let p be a prime. By Proposition 4.4(2d), if (ker c)p 6= 1,
then Ab(G) is p-torsion free. This of course implies that G is p-torsion free and, as this holds for any prime p, G is
torsion free. Also, by Corollary 4.5(2), ker c is reduced. 
Example 4.8. Here is an interesting example of a cellular cover (G, c) of any abelian group M . Specializing to the
case M = Q/Z, we get M countable, while G and hence ker c have the cardinality of the continuum. (Because
Q/Z ∼=⊕p a prime C(p∞), hence End(Q/Z) has the cardinality of the continuum.)
Let M be any abelian group and set
G := Hom(Q,M).
Note that G can be made a vector space over Q by letting
ατ(β) = τ(αβ), for all τ ∈ G and α, β ∈ Q.
Let
ev:G → M, ev(τ) = τ(1),
be the “evaluation at one” map.
Lemma 4.9. Let M be any abelian group, then (G, ev) is a cellular cover of M.
Proof. Set c := ev. Given τ ∈ G, let τ˜ ∈ Hom(Q,G) be the unique homomorphism satisfying (1)τ˜ = τ . Let
ϕ ∈ Hom(G,M) and define ϕˇ ∈ Hom(G,G) by
τ ϕˇ = τ˜ ◦ ϕ.
Then (τ )ϕˇc = (τ˜ϕ)c = (1)(τ˜ϕ) = (τ )ϕ. Thus, any ϕ ∈ Hom(G,M) factors through c.
Next, since G is a vector space over Q, we have End(G) = EndQ(G), that is, any endomorphism of G is a linear
operator over Q. In particular, for any µ ∈ End(G), Gµ is a Q-subspace of G. Let τ ∈ ker c. Then τ(1) = 0 and by
the Q-vector space structure of G, if τ 6= 0, then for some α ∈ Q, (ατ)(1) = τ(α) 6= 0, that is Qτ 6⊆ ker c. Thus,
ker c contains no non-trivial Q-subspace of G, so Hom(G, ker c) = 0. Thus, by Lemma 3.6, (G, c) is a cellular cover
of M . 
5. Cellular covers of finite groups
In this section, (G, c) is a cellular cover of the finite group M . Our main results here are that G is also finite and
that, if M is perfect, then so is G. We start by recalling:
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Lemma 5.1 (See, e.g., 33.9 in [1]). Let G be a group such that G/Z(G) is finite. Then [G,G] is finite. 
Lemma 5.2. Let H be an abelian group and let X ≤ H be a finite subgroup. If H/X contains a subgroup isomorphic
to Q (resp. C(p∞)), then so does H.
Proof. Let n be the order of X and assume that H/X is not reduced. Let D ≤ H/X with D ∼= Q or C(p∞)
and let D ≤ H be the full inverse image of D in H under the canonical homomorphism H → H/X . Consider the
homomorphismD→ D that is multiplication by n. Its image is, of course, nD and its kernel contains X . Furthermore,
if D ∼= Q, then the kernel of this map is exactly X . Thus if D ∼= Q, then nD ∼= D, while if D ∼= C(p∞), then nD
is a non-trivial homomorphic image of D, so again nD ∼= D. Hence nD is a subgroup of H isomorphic to D, as
required. 
Proposition 5.3. (1) Ab(G) is reduced;
(2) tor(ker c) = [G,G] ∩ ker c, in particular ker c splits over [G,G] ∩ ker c;
(3) G is finite, in particular ker c ≤ [G,G].
Proof. (1): Set K := ker c. Since G/K is finite, G/K [G,G] is finite. Since a divisible abelian group does not have
finite homomorphic images, any divisible subgroup of Ab(G) is contained in K [G,G]/[G,G] ∼= K/(K ∩ [G,G]).
Suppose K [G,G]/[G,G] contains a subgroup D isomorphic to Q or C(p∞) (i.e. assume that Ab(G) is not reduced,
see Definition 3.4(5)). Notice that, since G/K is finite and K ≤ Z(G), Lemma 5.1 implies that [G,G] is finite and
then also K ∩ [G,G] is finite. By Lemma 5.2 (applied to H = K ), K contains a subgroup U isomorphic to D.
Let ψ : D → U be an isomorphism. By Theorem A.1(2), ϕ extends to a homomorphism ϕ ∈ Hom(Ab(G),U ) and
eventually to an element ϕ ∈ Hom(G, ker c). This contradicts Lemma 3.5(3).
(2): Suppose that (2) is false. Then there exist a prime p and an element x ∈ ker c such that x 6∈ [G,G] and such
that the order of x is a power of p. Thus the order of the image of x in Ab(G) is a power of p. Since Ab(G) is
reduced, Theorem A.1(3) implies that we can find a cyclic p-subgroup A ≤ Ab(G), such that x[G,G] ∈ A and such
that Ab(G) splits over A. Thus Ab(G) has a homomorphic image isomorphic to C(p). Also, the existence of x shows
that ker c contains a subgroup isomorphic to C(p) and thus Hom(G, ker c) 6= 0, a contradiction. Since tor(ker c) is
finite (because [G,G] is finite), a repeated application of Theorem A.1(3) shows that ker c splits over tor(ker c).
(3): Write ker c = ([G,G] ∩ ker c) × V , so [G,G] ker c = [G,G] × V . Let m := |G/([G,G] ker c)|. Let
ψ :G → [G,G] ker c/[G,G] be the canonical homomorphism G → G/[G,G] followed by multiplication by m.
Since [G,G] ker c/[G,G] ∼= ker c/([G,G] ∩ ker c) ∼= V , we can think of ψ as an element in Hom(G, ker c) so, by
Lemma 3.5(3), ψ = 0. Thus, G/[G,G] is a torsion group, and hence ker c/([G,G] ∩ ker c) is also a torsion group.
By (2), ker c ≤ [G,G]. Thus, by Lemma 5.1, ker c is finite, so G is finite. 
Theorem 5.4. Let (G, c) be a cellular cover of the finite group M. Then
(1) G is finite, with no new primes dividing the order of G;
(2) if Gc is perfect, G is perfect;
(3) if Gc is nilpotent, c is injective.
Proof. By Proposition 5.3(3), G is finite. Assume that there exists a prime p dividing |G| but not dividing |M |. Then,
by the Schur–Zassenhaus Theorem ([1, (18.1)]), G splits over its Sylow p-subgroup and then Hom(G, ker c) 6= 0,
contradicting Lemma 3.5(3). Assume that Gc is perfect. Then [G,G]c = Gc, and hence G = [G,G] ker c, so (2)
follows from Proposition 5.3(3). Since G is finite, (3) follows from Theorem 4.2(2). 
We close this section with an example that analyzes the cellular covers of the symmetric group S3; the referee asked
about it and suggested to include such an example. However, we note that, at this point, our knowledge of cellular
covers of solvable (non-nilpotent) groups is nil.
Example 5.5. We show that, if (G, c) is a surjective cellular cover of the symmetric group S3, then c is an
isomorphism.
Proof. Let (G, c) be a surjective cellular cover of the finite group M . By Theorem 5.4, G is finite with no new primes
dividing the order of G. Also, it is easy to check that gcd(|Ab(G)|, |ker c|) = 1, otherwise Hom(G, ker c) 6= 0, which
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contradicts Lemma 3.5(3). Suppose now that M ∼= S3. Then, by the above, ker c is a 3-group. Let T be a 3-Sylow
subgroup of G. Then T/Z(G) is cyclic of order 3 and hence T is abelian and normal in G. Let s be an element of order
2 in G. By [1, 24.6, pg. 113], T = [T, s] × CT (s). Set H := [T, s]〈s〉. Then G = H × CT (s) and Z(G) = CT (s).
Since ker c = Z(G), we see that, if ker c 6= 1, then we would get that Hom(G, ker c) 6= 0, a contradiction. It follows
that ker c = 1, and c is an isomorphism. 
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Appendix A. Some properties of abelian and nilpotent groups
Here, we list some properties of abelian and nilpotent groups that are required in this paper, and sketch some proofs.
For the full proofs, we refer mostly to [10] for abelian groups and to [19] for nilpotent groups.
Theorem A.1. Let H be an abelian group, p a prime, and D a divisible abelian group. Then,
(1) if D is a subgroup of H, then D is an absolute direct summand of H (see Definition 3.4(3));
(2) for every subgroup U ≤ H, any α ∈ Hom(U, D) extends to a homomorphism in Hom(H, D);
(3) if A ≤ H is a pure cyclic subgroup of order pk , then A is a direct summand of H;
(4) let a ∈ Hp. Then there exists a direct summand A ≤ H with a ∈ A such that
(i) if a = pkb, for some b ∈ H with h p(b) = 0, we can take A = 〈b〉,
(ii) if (i) does not hold, let a1 = a and define ai+1 by pai+1 = ai , then we can take A = 〈a1, a2, . . . , 〉 ∼= C(p∞).
Proof. (1) is [10, Thm. 21.2, pg. 100], (2) is [10, Thm. 21.1, pg. 99], and (3) is [10, Thm. 27.1, pg. 117]. If a satisfies
(4ii), then A ∼= C(p∞) is divisible, so (4ii) holds by (1) while, if a satisfies (4i), then A is a pure subgroup of H , so
(4i) holds by (3). 
The next two results summarize what we require for nilpotent groups.
Proposition A.2. Let H be any nilpotent group and let p be a prime. Set Γi = Γi (H). Then,
(1) for n ≥ 1, the map
(x1[H, H ], x2[H, H ], . . . , xn[H, H ])→ [x1, x2, . . . , xn]Γn+1
from Ab(H)n to Γn/Γn+1 is a homomorphism in each variable, and the image of this map generates Γn/Γn+1.
(2) Let n ≥ 1, y1, . . . , yn ∈ H and set x = [y1, y2, . . . , yn]. There exists a homomorphism αx : H → Γn/Γn+1 such
that xΓn+1 ∈ Hαx .
(3) If n ≥ 1 and V ≤ Γn/Γn+1 is a proper subgroup, then there exists α ∈ Hom(H,Γn/Γn+1) such that Hα 6⊆ V .
(4) If Hp 6= 1, then H contains a normal subgroup K such that H/K ∼= C(pk), where k is a positive integer or
k = ∞.
Proof. (1) is well known; for completeness we include a proof (cf. [19, Theorem 3.1, pg. 9]). It is easy to check that,
for i ≥ 1, the map
(Γi/Γi+2)× (H/Γi+2)→ Γi+1/Γi+2 (xΓi+2, yΓi+2)→ [x, y]Γi+2,
is a homomorphism in each variable (one uses the commutator identities and the fact that Γi+1/Γi+2 is in the center
of H/Γi+2). As Γi+1/Γi+2 is abelian, and since Γi+1/Γi+2 is in the kernel of the homomorphism in the first variable,
this induces a homomorphism
Γi/Γi+1 × Ab(H)→ Γi+1/Γi+2,
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which is a homomorphism in each variable. Thus, by induction, the first part of (1) holds. That the image of the map
in (1) generates Γn/Γn+1 is a well known fact.
(2): By (1), the map
β: Ab(H)→ Γn/Γn+1, given by y[H, H ] → [y, y2, . . . , yn]Γn+1,
is a homomorphism and, composing it with the canonical homomorphism H → Ab(H), we get αx .
(3): Since Γn is generated by the commutators of the form [a1, a2, . . . , an], a1, . . . , an ∈ H , there exists
x = [y1, y2, . . . , yn] with xΓn+1 6∈ V , so take α = αx .
(4): Let n ≥ 1 such that Γn/Γn+1 has p-torsion. Using Theorem A.1(4), write Γn/Γn+1 = A×B, with A ∼= C(pk),
where k is either a positive integer or k = ∞. By (3), we can pick α ∈ Hom(H,Γn/Γn+1) such that Hα 6⊆ B. Let β
be α followed by the projection on A. Then Hβ is a non-trivial subgroup of A, and (4) follows. 
Proposition A.3. Let H be a nilpotent group and p be a prime.
(1) If Ab(H) is p-divisible, then Γi (H)/Γi+1(H) is p-divisible, for all i ≥ 1;
(2) H is p-divisible iff Ab(H) is p-divisible;
(3) H has a unique maximal p-divisible subgroup.
Assume that H is p-divisible; then
(4) Z(H) is p-divisible, and Hp ≤ Z(H);
(5) H/Zi (H) is p-torsion free for all i ≥ 1;
(6) Zi+1(H)/Zi (H) is p-torsion free and p-divisible, for all i ≥ 1;
(7) if Hp 6= 1, then H contains a normal subgroup K such that H/K ∼= C(p∞).
Proof. These are well known facts.1 For completeness, we sketch the proofs.
(1): Factors of the lower central series of H are homomorphic images of tensor powers of Ab(H) (cf. [19, Thm. 3.1,
pg. 9], or Proposition A.2 above) and are therefore p-divisible too.
(2): If H is p-divisible, then of course Ab(H) is p-divisible. Assume that Ab(H) is p-divisible. Then, by induction
on the nilpotency class k of H , we have that H/Γk(H) is p-divisible. Let h ∈ H ; then h = g pm, for some g ∈ H and
m ∈ Γk(H). By (1), Γk(H) is p-divisible, so m = n p, for some n ∈ Γk(H). Since n ∈ Z(H), we see that h = (gn)p.
(3): Let A ≤ H and B ≤ H be two p-divisible subgroups. We claim that 〈A, B〉 is also p-divisible. By (2), it
suffices to show that 〈A, B〉/[A, B] is p-divisible. Thus we may assume that [A, B] = 1. Then 〈A, B〉 = AB. Let
ab ∈ AB and let x ∈ A and y ∈ B with x p = a and y p = b. Then (xy)p = x p y p = ab. Thus AB is p-divisible.
This implies (3).
From now on, we assume that H is p-divisible.
(4): We first show that Hp ≤ Z(H) by induction on the nilpotency class of H . Let g ∈ H with g ps = 1. By
induction, g is in the second center of H . Let a ∈ H and let b ∈ H with a = bps . Then [a, g] = [bps , g] and, since g
is in the second center of H , [bps , g] = [b, g ps ] = 1. Hence g ∈ Z(H).
Next, let h ∈ H , such that h p ∈ Z(H). Since H/Z(H) is p-divisible, h is in the second center of H , by the
previous paragraph of the proof. Let a ∈ H , then a = bp, for some b ∈ H , and then [a, h] = [bp, h] = [b, h p] = 1,
since h p ∈ Z(H) and h ∈ Z2(H). Thus h ∈ Z(H). This shows that Z(H) is p-divisible.
(5): We saw in the proof of (4) that, if h p ∈ Z(H), then h ∈ Z(H). This implies that H/Z(H) is p-torsion free.
Let Zi := Zi (H). As H/Zi is p-divisible, i ≥ 1, we get that H/Zi+1 ∼= (H/Zi )/(Zi+1/Zi ) is p-torsion free.
(6): Follows from (4), (5) and the fact that H/Zi is p-divisible.
(7): Follows from the fact that H is p-divisible and from Proposition A.2(4). 
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